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Abstract
The effective energy of a superconductor Eeff(T ) at temperature T is defined
as the difference between the total energy at temperature T and the total
energy at 0 K. We call the energy of the condensate, Ec, the difference between
Eeff and the sum of the quasiparticle energies Eqp. Ec, Eqp, as well as the BCS
quasiparticle energy ǫ are positive and depend on the gap energy ∆, which,
in turn, depends on the populations of the quasiparticle states (equivalently,
they depend on T ). So from the energy point of view the superconductor is
a Fermi liquid of non-ideal quasiparticles.
We show that the choice of quasiparticles is not unique, but there is an
infinite range of possibilities. Some of these possibilities have been explored
in the context of the fractional exclusion statistics (FES), which is a general
method of describing interacting particle systems as ideal gases. We apply
FES here and transform the Fermi liquid of BCS excitations into an ideal gas
by redefining the quasiparticle energies. The new FES quasiparticles exhibit
the same energy gap as the BCS quasiparticles, but a different DOS, which
is finite at any quasiparticle energy.
We also discuss the effect of the remnant electron-electron interaction
(electron-electron interaction beyond the BCS pairing model) and show that
this can stabilize the BCS condensate, increasing the critical temperature.
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1. Introduction
We divide the energy of a BCS superconductor [1] into three parts: the
ground-state energy Egs, the condensate energy Ec, and the energy of the
quasiparticles Eqp. Egs is a constant and represents the total energy of
the superconductor at temperature T = 0, Eqp is the sum of the excita-
tions’ quasiparticle energies, whereas the condensate energy is the difference
Ec ≡ E − Egs − Eqp. Ec vanishes at T = 0 and increases monotonically with
T , reaching its highest value at the critical temperature Tc, where the su-
perconducting state disappears. Effectively, the energy of the system–after
removing the constant term Egs–is Eeff ≡ Ec + Eqp. Due to the fact that
both, Ec and the BCS quasiparticle energies ǫ, depend on the populations
of the quasiparticle states {nǫ}, Eeff represents the energy of a Fermi liquid
(FL) [2, 3] and ǫ ≡ ∂Eeff/∂nǫ.
In the context of fractional exclusion statistics (FES) [4, 5, 6] it has been
shown that the quasiparticle energies may be redefined (see e.g. Refs. [7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18]). There is an infinite range of possibilities in
which one can redistribute the energy of the system among the quasiparticle
states. Moreover, if the choice is made such that the total (or the effective)
energy of the system is equal to the sum of the quasiparticle energies, then
one obtains a description of the system in terms of an ideal FES gas [17]. All
the choices of quasiparticle energies must lead to thermodynamically equiva-
lent descriptions, in the sense that the populations of the quasiparticle states
and all the macroscopic thermodynamic quantities should not depend on the
chosen description [17, 18]. We exemplify the procedure by redefining the
quasiparticle in such a way that Eeff becomes the sum of the new quasiparti-
cle energies ǫ˜. This relation holds for any quasiparticle levels populations, so
the system obtained is an ideal gas. In our example the quasiparticle energies
ǫ˜ exhibits the same energy gap ∆ as the BCS quasiparticles, but the density
of states (DOS) σ˜(ǫ˜) is finite over the whole spectrum (including at ǫ˜ = ∆).
We also extend the BCS model by including an extra interaction between
the electrons as a perturbation to the initial pairing Hamiltonian. This leads
to an interaction term between the quasiparticles which modifies the energy
gap and the quasiparticle energies. The gap equation cannot be satisfied any-
more for ∆ = 0 at any temperature, so, in the first order of perturbation, the
extra interaction does not allow the superconducting phase to be destroyed.
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The paper is organized as follows. In the next subsection we introduce
the notations and the basic concepts of the BCS theory. Then, in Section 2,
we write the effective energy of the system as the energy of a Fermi liquid
(FL), with the BCS quasiparticle energies equal to the Landau’s quasiparticle
energy of the FL. The FES description is presented in Section 3, where we
introduce the FES quasiparticle energies, the FES parameters, and we write
the FES equations for the population. We also show that the FES and and
FL descriptions are physically equivalent. In Section 4 we extend the BCS
model by introducing the interaction between the quasiparticles. In Section 5
we present the conclusions.
1.1. The basics of the theory of superconductivity
Let us specify notations and the basic ideas of the BCS theory, following
mainly Refs. [19, 1]. We denote the single-particle states of the electrons in
the superconductor by |k, s〉 and its time reversed state by | − k,−s〉; s is
the spin and k represents the rest of single-particle quantum numbers that
specify the state. Concretely, in the following we shall consider that k is the
free electron wavevector. The electrons creation and annihilation operators
are c†
k,s and ck,s, respectively, and the BCS pairing Hamiltonian is
HBCS =
∑
kσ
ǫ
(0)
k
nkσ +
∑
kl
Vklc
†
k↑c
†
−k↓c−l↓cl↑, (1)
where ǫ
(0)
k
are the energies of the non-interacting single-particle states and Vkl
are the matrix elements of the attractive effective interaction potential. The
ground state will be denoted by |BCS〉0. The Hamiltonian (1) is diagonalized
by the Bogoliubov transformations, by writing c−k↓ck↑ ≡ bk+(c−k↓ck↑− bk),
where bk = 〈c−k↓ck↑〉, and assuming that c−k↓ck↑ − bk is small (〈·〉 is the
average). Then HBCS is expanded in terms of c−k↓ck↑− bk and keeping only
the first order we get
H =
∑
kσ
ǫ
(0)
k
nkσ +
∑
kl
Vkl(c
†
k↑c
†
−k↓bl + b
∗
k
c−l↓cl↑ − b∗kbl). (2)
We define the model Hamiltonian HM = H−µN , which can be diagonalized
to become [19]
HM =
∑
k
(ξk − ǫk +∆kb∗k) +
∑
k
ǫk(γ
†
k0γk0 + γ
†
k1γk1), (3)
3
where ξk ≡ ǫ(0)k − µ, ǫk ≡
√
ξ2
k
+∆2
k
and ∆k is the energy gap,
∆k = −
∑
l
Vkl〈c−l↓cl↑〉. (4)
The operators γ†
ki and γki (i = 0, 1) are quasiparticle creation and annihila-
tion operators, respectively, and are defined by the relations
ck↑ = u∗kγk0 + vkγ
†
k1, (5a)
c†
k↑ = ukγ
†
k0 + v
∗
k
γk1, (5b)
c†−k↓ = −v∗kγk0 + ukγ†k1, (5c)
c−k↓ = −vkγ†k0 + u∗kγk1. (5d)
The coefficients uk and vk satisfy the relation
|vk|2 = 1− |uk|2 = 1
2
(
1− ξk
ǫk
)
. (6)
We work with the typical assumption that Vkl ≡ V for any k and l in
an energy shell of 2~ωc around the Fermi energy, and Vkl = 0 outside this
shell. Using Eqs. (4) and (6) and denoting the quasiparticle populations by
nki ≡ 〈γ†kiγki〉, we obtain the self-consistency relation for ∆,
1 =
V
2
∑
k
1− nk0 − nk1
ǫk
. (7)
Working in the quasicontinuous limit we transform the summations into in-
tegrals. Changing the integration variable from k to ξ, Eq. (7) becomes
2
V
=
∫
~ωc
−~ωc
1− nξ0 − nξ1√
ξ2 +∆2
σ0 dξ, (8)
where we assumed that the DOS over the ξ axis σ0 is constant. If we set
n0ξ = n1ξ = 0, we obtain in the weak-coupling limit σ0V ≪ 1 the energy gap
at zero temperature ∆0 = 2~ωc exp[−1/(σ0V )]. The critical temperature
Tc may be calculated from Eq. (8) by setting ∆ = 0 and we get kBTc =
A~ωce
−1/(σ0V ), where A ≈ 1.1339 [19].
The number of excitations at temperature T is defined as:
Nex(T ) =
∑
k
(nk0 + nk1) = 2σ0
∫ ∞
∆
ǫ√
ǫ2 −∆2 (nk0 + nk1)dǫ. (9)
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From Eq. (8) we find an expression for the total number of excitations at
critical temperature Nex(Tc):
Nex(Tc) = (4 ln 2)σ0kBTc = (4 ln 2)σ0A~ωce
−1/(σ0V ). (10)
In the low temperature limit we find the asymptotic behavior
Nex(T → 0) ≈ 4σ0kBT
√
y0
2
e−y0
∫ ∞
0
e−z dz√
z
= 2
√
2πσ0
√
kBT∆0e
−β∆0 . (11)
In Eq. (11) we shall always consider that σ0kBT > 1, i.e. the inter-level
energy spacing is always smaller than the thermal energy kBT . Under this
assumption we have 2
√
2πσ0
√
kBT∆0 ≫ 1 for any physically significant tem-
perature.
To find a low temperature asymptotic expression for ∆ we write Eq. (8)
in the low temperature limit as
2
V
T→0∼ 2σ0 ln

~ωc
∆
+
√(
~ωc
∆
)2
+ 1

− 2√2πσ0e−β∆, (12)
from where we obtain
∆0 −∆ T→0∼
√
2π∆0e
−β∆0 (13)
2. The energy of the system
From Eqs. (2) and (3) we write the energy of the system as
H = E0 +Hqp = E0 +
∑
k
ǫk(γ
†
k0γk0 + γ
†
k1γk1), (14)
where
E0 = µN +
∑
k
(ξk − ǫk +∆b∗k) ≡ µN +
∑
k
(ξk − ǫk) + ∆
2
V
(15)
and quasiparticles energy is
Eqp ≡ σ0
∫
~ωc
−~ωc
(nξ0 + nξ1)ǫ(ξ) dξ ≥ 0. (16)
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We denote by E0N the energy of a free electron gas with the same number
of particles N , at zero temperature, and we define the quantity [19]
E0 ≡ E0 − E0N =
∑
k>kµ
(ξk − ǫk) +
∑
k≤kµ
(−ξk − ǫk) + ∆
2
V
= −σ0∆
2
2
[
1 + 2 ln
(
∆0
∆
)]
≤ 0. (17)
In the absence of excitations (T = 0), ∆ = ∆0 and E0 takes its minimum value
E0g ≡ E0(T = 0) = −σ0∆20/2. The minimum energy of the superconductor
and the condensate energy (which was specified in the Introduction) are
Egs ≡ E0N + E0g ≡ E0N − σ0∆20/2 and (18a)
Ec ≡ E0 − E0,g = σ0∆
2
0
2
{
1−
(
∆
∆0
)2 [
1− 2 ln
(
∆
∆0
)]}
, (18b)
respectively. Using Eqs. (16) and (18b) and the definition of Eeff ≡ Ec+Eqp,
we introduce the effective Hamiltonian of the superconductor
Heff ≡ Ec +
∑
k
∑
i=0,1
ǫkγ
†
kiγki (19)
and Eeff ≡ 〈Heff〉. In Eq. (19) both, ∆ and ǫk, depend on the of set
of populations nki. The effective energy is that of an interacting system of
fermions, described in the Fermi liquid theory (FLT):
Eeff({n}) = Ec({n}) +
∑
k,i
nkiǫk({n}), (20)
where by {n} we explicitly specified the dependence of E and ǫk on the whole
set of populations.
To calculate the temperature dependence of the population, let us write
∂Eeff/∂nki = ∂Ec/∂nki + ∂Eqp/∂nki, (21a)
where
∂Ec
∂nki
=
∂Ec
∂∆
∂∆
∂nki
≡ ǫ′
ki and (21b)
∂Eqp
∂nki
= ǫk +
∂Eqp
∂∆
∂∆
∂nki
≡ ǫk + ǫ′′ki. (21c)
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From Eqs. (16), (18b), and (7) we obtain
∂Ec
∂∆
=
2∆
V
−∆σ0
∫
~ωc
−~ωc
dξ
ǫξ
, (22a)
∂Eqp
∂∆
= −2∆
V
+∆σ0
∫
~ωc
−~ωc
dξ
ǫξ
, (22b)
so ∂E/∂∆ = ∂(Ec + Eqp)/∂∆ = 0. Then the quasiparticle energy defined in
the FLT sense is exactly the BCS quasiparticle energy,
ǫk =
∂Eeff
∂nki
, (23)
which further leads to the typical equilibrium BCS distribution
nki =
1
eβǫk + 1
, (24)
where β = (kBT )
−1 and T is the temperature.
3. The implementation of the fractional exclusion statistics
3.1. The quasiparticle energies and the density of states
The BCS Hamiltonian (19) describes a FLT system of interacting fermions
[3]. We want to transform this into an ideal gas Hamiltonian using a method
similar to that outlined in Refs. [16, 17, 18]. For this we define new quasi-
particle energies ǫ˜, such that
Eeff =
∑
ǫ˜,i
nǫ˜iǫ˜. (25)
The ideal gas thus obtained obeys FES [4, 5] and a schematic depiction of the
quasiparticle species is presented in Fig. 1. The new quasiparticle energies
are related to ǫ by the relation
ǫ˜(ǫ) ≡ ǫ+ 2Ec
Nex(Nex + 1)
N<ǫ ≈ ǫ+
2Ec
N2ex
N<ǫ
≡ ξ + (
√
ǫ2 −∆2 − ξ) + 2Ec
N2ex
N<ǫ , (26a)
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δξ0
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“−δξ1”
“−δξ0”
ǫ˜
δǫ˜1
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ǫ
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∆
Figure 1: The FES quasiparticle species represented as intervals on the FES quasiparticle
energy axis (middle) δǫ˜0, δǫ˜1, . . .. Each species corresponds to two intervals (symmetric
with respect to the origin, i.e. the Fermi surface) on the ξ axis (left) and one interval on
the ǫ axis (right). The relations between ξ, ǫ, and ǫ˜ are given in Eqs. (27). Both, ǫ and ǫ˜,
have the same energy gap ∆.
where N<ǫ is the number of excitations of energy below ǫ, namely
N<ǫ ≡ σ0
√
ǫ2−∆2∫
−√ǫ2−∆2
(nξ0 + nξ1) dξ = 2σ0
∫ ǫ
∆
(nǫ′0 + nǫ′1)
ǫ′ dǫ′√
(ǫ′)2 −∆2 . (26b)
The temperature dependence of N<ǫ for several values of ǫ(ξ) is shown in
Fig. 2. Since Ec ≥ 0, Eq. (26a) implies that ǫ˜(ǫ1) ≤ ǫ˜(ǫ2) if ǫ1 ≤ ǫ2.
Disregarding the degeneracy of the quasiparticle energy levels, Eq. (26a)
defines a bijective transformation and therefore we may also use the notation
N<ǫ˜(ǫ) ≡ N<ǫ˜ . The new definition of quasiparticle energy satisfies Eq. (25).
Inverting Eq. (26a) we get
ǫ(ǫ˜) = ǫ˜− 2Ec
N2ex
N<ǫ and ξ(ǫ˜) = ±
√(
ǫ˜− 2Ec
N2ex
N<ǫ
)2
−∆2. (27)
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Also from Eq. (26a) we see that ǫ˜(ǫ = ∆) = ∆, so the FES quasiparticle
energies have the same gap as the BCS quasiparticles. For high energies,
ǫ˜(ǫ ≫ ∆) ≈ ǫ + 2Ec/Nex ≈ ξ + 2Ec/Nex. The quasiparticle energies ǫ˜ and ǫ
are represented as functions of ξ in Fig. 3.
The DOS along the ǫ˜ axis (which we call the FES DOS) is σ˜(ǫ˜, T ) and
may be calculated from Eqs. (26) using the identity σ˜(ǫ˜)/σ(ǫ) = (dǫ˜/dǫ)−1:
σ˜(ǫ˜, T ) =
2σ0ǫ(ǫ˜)√
ǫ2(ǫ˜)−∆2 + ǫ(ǫ˜)[4Ec/N2ex]σ0(n0ǫ + n1ǫ)
, (28)
where ǫ˜ and ǫ are related by Eqs. (26a) and (27). When ǫ˜ = ∆ we have
σ˜(∆, T ) =
N2ex
2Ec(n∆0 + n∆1) =
N2ex
n∆0 + n∆1
1
σ0∆
2
0
×
{
1−
(
∆
∆0
)2 [
1− 2 ln
(
∆
∆0
)]}−1
. (29)
and we observe that σ˜(∆, T ) < ∞ for any T > 0. In the low temperature
limit,
σ˜(∆, T → 0) ∼ N
2
ex
n∆0 + n∆1
1
2σ0(∆0 −∆)2 ≈ σ0
kBT
∆0
e
∆0
kBT , (30)
where for the last expression we used Eqs. (11) and (13). At the critical
temperature
ǫ˜(ξ ≡ ǫ, Tc) = ξ + 1
2A2 ln2 2
∫ ξ
0
dξ′
eξ′/(kBTc) + 1
(31)
and
σ˜(ǫ˜, Tc) = 2σ0
{
1 +
1
A2 ln2 2[eξ(ǫ˜)/(kBTc) + 1]
}−1
, (32)
where in Eq. (32) ξ(ǫ˜) is determined by inverting Eq. (31). From Eqs. (29)
and (32) we observe that σ˜(ǫ˜, Tc) is discontinuous at ǫ˜ = 0,
lim
ǫ˜ց0
σ˜(ǫ˜, Tc) = 2σ0
{
1 +
1
2A2 ln2 2
}−1
6= (2A ln 2)2σ0 = σ˜(∆, Tc). (33)
The functions σ˜(ǫ˜) and σ(ǫ) are depicted in Fig. 4.
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Figure 2: (Color online) The scaled number of excitations of energy below ǫ, N<ǫ /(σ0kBTc),
vs. the scaled temperature T/Tc for several values ǫ, where N
<
∞ ≡ Nex. The dot marks
the value for Nex(Tc)/(σ0kBTc) = 4 log(2) as indicated in Eq. (10).
3.2. The FES parameters and populations
We calculate the FES parameters using the procedure outlined in Refs.
[16, 18]. According to Eq. (27), both ǫ and ξ are functions of ǫ˜ and the
occupation numbers {n}. We express all the quantities in terms of ǫ˜ and {n}
and we define the species by splitting the ǫ˜ axis into small intervals δǫ˜ (see
Fig. 1). Each interval hosts two species, one for each type of quasiparticles,
so the species corresponding to the interval δǫ˜ are denoted by (δǫ˜, 0) and
(δǫ˜, 1). The intervals are small enough, so that all the energy levels in δǫ are
considered degenerate, of energy ǫ˜. Any species (δǫ˜, i) corresponds to two
symmetric intervals δξ and “−δξ” on the ξ axis, and to an interval δǫ on the
ǫ axis, as shown in Fig. 1. The number of single-particle states in the species
(δǫ˜, i) is Gδǫ˜ ≡ σ˜(ǫ˜)δǫ˜ = σ(ǫ)δǫ = 2σ0δξ and the number of quasiparticles is
Nδǫ˜i ≡ Gδǫ˜nǫ˜i. Changing Nδǫ˜i is equivalent to changing nǫ˜i. We keep fixed
the intervals δǫ˜ and this implies a variation of the corresponding intervals
δξ and δǫ with the populations Nδǫ˜i, according to Eqs. (27). This leads to
a variation of Gδǫ with the population, which is the manifestation of FES.
If δNδǫ˜i is the (small) variation of the quasiparticle number of type i in the
species (δǫ˜, i), the variation of the number of states in the species (δǫ˜′, j)
in the linear approximation is δGǫ′ = −αδǫ˜′j;δǫ˜iδNδǫ˜i, where the parameters
αδǫ˜′j;δǫ˜i are called the FES parameters. Since the number of states Gδǫ˜′ is the
same for either type of quasiparticles, then αδǫ˜′0;δǫ˜i = αδǫ˜′1;δǫ˜i for any δǫ˜, δǫ˜
′,
and i.
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Figure 3: (Color online) Quasiparticle energies vs. ξ, for three different temperatures
T = 0, 0.75, 0.9, 0.999 Tc: (a) ǫ(ξ) and (b) ǫ˜(ξ). At ξ = 0 we have ǫ˜ = ǫ = ∆(T ) for any
T .
To calculate the FES parameters let us count the species in ascending
order of the quasiparticle energy, like in Fig. 1. The species number will be
specified by a capital letter subscript A or B (e.g. δǫ˜A). Then we say that
the species (δǫ˜A, i) corresponds to the interval [ǫ˜A, ǫ˜A+1) and the number of
states in this interval is Gδǫ˜A = 2σ0[|ξ(ǫ˜A+1, {N})| − |ξ(ǫ˜A, {N})|], where by
{N} we specify explicitly the dependence of ξ on the populations Nδǫ˜Ai. The
variation of the number of states in the species (δǫ˜A, i) due to the inclusion
of δNδǫ˜Bj particles into the species (δǫ˜B, j) is
δGδǫ˜Ai = 2σ0
[
∂ξ(ǫ˜A+1, {N})
∂Nδǫ˜Bj
− ∂ξ(ǫ˜A, {N})
∂Nδǫ˜Bj
]
δNδǫ˜Bj
≡ −δNδǫ˜Bjαδǫ˜Ai;δǫ˜Bj , (34)
where
αδǫ˜Ai;δǫ˜Bj ≡ −2σ0
[
∂ξ(ǫ˜A+1, {N})
∂Nδǫ˜Bj
− ∂ξ(ǫ˜A, {N})
∂Nδǫ˜Bj
]
. (35)
The result (35) does not apply to the lowest species where we have (A = 0)
δGδǫ˜0 = 2σ0
∂ξ(ǫ˜1, {N})
∂Nδǫ˜Bj
δNδǫ˜Bj ≡ −αδǫ˜0i;δǫ˜BjδNδǫ˜Bj. (36)
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Figure 4: (Color online) Quasiparticle density of states, scaled by σ0, for the tempera-
tures T = 0, 0.75, 0.9, 0.999 Tc: (a) σ˜/σ0 vs. ǫ˜/∆0 and (b) σ/σ0 vs. ǫ/∆0. While
limǫց∆ σ(ǫ) =∞ at any temperature, σ˜(ǫ˜) is finite at any T > 0. In (a), the dot at ǫ˜ = 0
and σ˜/σ0 ≈ 2.47 corresponds to Eq. (33) and the lowest “color” continuous line is σ˜(ǫ˜, Tc)
(Eq. 32).
To calculate the FES parameters we write
∂ξ(ǫ˜, {N})
∂Nδǫ˜′i
=
∂ξ(ǫ˜, {N})
∂Nδǫ˜′i
∣∣∣∣
∆
+
∂ξ(ǫ˜, {N})
∂∆
∂∆({N})
∂Nδǫ˜′i
, (37)
where [∂ξ(ǫ˜, {N})/∂Nδǫ˜′i]∆ is the partial derivative of ξ with respect to Nδǫ˜′i,
when ∆ is held fixed, ∂ξ(ǫ˜, {N})/∂∆ is the derivative of ξ with respect to
∆, when the populations are held fixed, and finally ∂∆({N})/∂Nδǫ˜′i is the
derivative of ∆ with respect to the population Nδǫ˜′i.
To calculate the variation of ∆ with the population on the ǫ˜ axis we write
Eq. (7) as
1 =
V
2
∑
ǫ˜
1− nǫ˜0 − nǫ˜1
ǫ˜− 2N<ǫ Ec/N2ex
(38)
from where we find
0 =
[
− 1
ǫ˜− 2N<ǫ˜ Ec/N2ex
−
∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
(
4N<ǫ˜′ Ec
N3ex
− θ(ǫ˜′ − ǫ˜) 2Ec
N2ex
)]
dnǫ˜i
+
∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
2N<ǫ˜′
N2ex
∂Ec
∂∆
d∆.
12
Using this relation we can calculate
∂∆
∂Nδǫ˜i
=
{
1
ǫ˜− 2N<ǫ˜ Ec/N2ex
+
2Ec
N2ex
∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
(
2N<ǫ˜′
Nex
− θ(ǫ˜′ − ǫ˜)
)}
× N
2
ex
4σ0∆ ln (∆/∆0)
{∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
N<ǫ˜′
}−1
, (39a)
where we used ∂Ec/∂∆ = 2σ0∆ ln(∆/∆0), obtained from Eq. (18b). The
other terms are
∂ξ
∂Nδǫ˜′i
∣∣∣∣
∆
=
2Ec
N2ex
ǫ˜− 2Ec
N2ex
N<ǫ˜√(
ǫ˜− 2Ec
N2ex
N<ǫ˜
)2
−∆2
[
2N<ǫ˜
Nex
− θ(ǫ˜− ǫ˜′)
]
and(39b)
∂ξ(ǫ˜, {N})
∂∆
= − ∆√(
ǫ˜− 2Ec
N2ex
N<ǫ
)2
−∆2
×
[
4σ0N
<
ǫ˜
N2ex
ln
(
∆
∆0
)(
ǫ˜− 2Ec
N2ex
N<ǫ˜
)
+ 1
]
. (39c)
Combining Eqs. (39) into Eq. (37) we write
∂ξ(ǫ˜A, {N})
∂Nδǫ˜Bj
≡ d(ǫ˜A, {N})θ(ǫ˜A − ǫ˜B) + e(ǫ˜A, ǫ˜B, {N}), (40a)
where
d(ǫ˜A, {N}) ≡ − 2Ec
N2ex
ǫ˜A − 2EcN2exN
<
ǫ˜A√(
ǫ˜A − 2EcN2exN
<
ǫ˜A
)2
−∆2
, (40b)
e(ǫ˜A, ǫ˜B, {N}) ≡
4EcN<ǫ˜A
N3ex
ǫ˜A − 2EcN2exN
<
ǫ˜A√(
ǫ˜A − 2EcN2exN
<
ǫ˜A
)2
−∆2
− N
2
ex
4σ0 ln (∆/∆0)
×
[
4σ0N
<
ǫ˜A
N2ex
ln
(
∆
∆0
)(
ǫ˜A − 2EcN2exN
<
ǫ˜A
)
+ 1
]
√(
ǫ˜A − 2EcN2exN
<
ǫ˜A
)2
−∆2
13
×
{
1
ǫ˜B − 2N<ǫ˜BEc/N2ex
+
2Ec
N2ex
×
∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
(
2N<ǫ˜′
Nex
− θ(ǫ˜′ − ǫ˜B)
)}
×
{∑
ǫ˜′
1− nǫ˜′0 − nǫ˜′1
(ǫ˜′ − 2N<ǫ˜′ Ec/N2ex)2
N<ǫ˜′
}−1
. (40c)
Using Eqs. (40) we can calculate the α parameters. When A 6= B, we write
Eq. (35) as
αδǫ˜Ai;δǫ˜Bj = −2σ0[ξ(ǫ˜A+1)− ξ(ǫ˜A)]
[
∂ξ(ǫ˜, {N})
∂ǫ˜
]−1 [
∂d(ǫ˜, {N})
∂ǫ˜
∣∣∣∣
ǫ˜=ǫ˜A
×θ(A− B) + ∂e(ǫ˜, ǫ˜B, {N})
∂ǫ˜
∣∣∣∣
ǫ˜=ǫ˜A
]
≡ Gδǫ˜Aiaǫ˜Ai;ǫ˜Bj, (41)
where we used ǫ˜A+1 − ǫ˜A = [ξ(ǫ˜A+1) − ξ(ǫ˜A)] [∂ξ(ǫ˜, {N})/∂ǫ˜]−1. The pa-
rameters αδǫ˜Ai;δǫ˜Bj, with A 6= B are extensive, i.e. are they proportional to
the dimension of the species Gδǫ˜Ai on which they act [20, 21]. For the FES
parameters with A = B we have
αδǫ˜Ai;δǫ˜Aj = −2σ0d(ǫ˜A, {N})− 2σ0[ξ(ǫ˜A+1)− ξ(ǫ˜A)]
∂ξ(ǫ˜, {N})
∂ǫ˜
× ∂e(ǫ˜, ǫ˜B, {N})
∂ǫ˜
∣∣∣∣
ǫ˜=ǫ˜A
≡ α˜δǫ˜Ai;δǫ˜Aj +Gδǫ˜Aiaǫ˜Ai;ǫ˜Aj . (42)
The term α˜δǫ˜Ai;δǫ˜Aj in Eq. (42) intensive because it does not depend on the
dimension Gδǫ˜Ai, whereas the second term Gδǫ˜Aiaǫ˜Ai;ǫ˜Aj is extensive. All the
FES parameters satisfy the rules of Ref. [21], so from this point of view the
formalism is consistent.
The FES equations for the two types of quasiparticles (i, j = 0, 1) are [22]
βǫ˜Ai = ln
(1− nǫ˜Ai)
nǫ˜Ai
+
∑
j
∞∑
B=0
ln(1− nǫ˜Bj)αδǫ˜Bj;δǫ˜Ai
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Since neither ǫ˜ nor nǫ˜i depend on the quasiparticle type (0 or 1) we write the
equation above as
βǫ˜A = ln
(1− nǫ˜A)
nǫ˜A
+ 2
∞∑
B=0
ln(1− nǫ˜B)αδǫ˜Bj;δǫ˜Ai, (43)
where i and j may be either 0 or 1.
If the formalism is consistent, then both Eqs. (24) and (43) should
give the same populations when the quasiparticle energies are related by
Eqs. (27). To check this we use Eq. (43), we transform the summa-
tions into integrals, and we write αδǫ˜Ai;δǫ˜Bj = Gδǫ˜Aiaǫ˜Ai;ǫ˜Bj , with aǫ˜Ai;ǫ˜Bj =
[∂ξ(ǫ˜, {N})/∂ǫ˜]−1[∂2ξ(ǫ˜, {N})/∂ǫ˜∂Nδǫ˜Bj]ǫ˜=ǫ˜A, except for the parameters αδǫ˜0i;δǫ˜Bj,
which are taken separately. Using integration by parts we obtain
βǫ˜A = ln
(1− nǫ˜A)
nǫ˜A
+ 2 ln(1− nǫ˜0)αǫ˜0j;ǫ˜Ai + 4σ0
∫ ∞
0
ln[1− nǫ˜(ξ)]aǫ˜(ξ)j;ǫ˜Ai dξ
= ln
(1− nǫ˜k)
nǫ˜k
+ 4σ0
∫ ∞
∆
∂
∂ǫ˜
[ln(1− nǫ˜)] ∂ξ(ǫ˜i)
∂Nǫ˜kB
dǫ˜ (44)
where i and j are either 0 or 1. Replacing Eq. (24) for the populations and
changing the variables from ǫ˜ to ǫ in Eq. (44) we get
ǫ˜A = ǫ(ǫ˜A) + 4σ0
∫ ∞
∆
nǫ
∂ǫ[ǫ˜(ǫ), {N}]
∂Nǫ˜Ai
ǫ√
ǫ2 −∆2 dǫ. (45)
Equation (45) is checked numerically and found to be correct within the
numerical accuracy (see Fig. 5).
4. Quasiparticle-quasiparticle interaction
If we take into account as a perturbation a particle-particle interaction of
the form [1]
H′ ≡ 1
2
∑
k1k2σ1σ2
∑
k′1k
′
2σ
′
1σ
′
2
V ′
k1σ1k2σ2;k′1σ
′
1k
′
2σ
′
2
c†
k1σ1
c†
k2σ2
ck′2σ′2ck′1σ′1 (46)
and express the electron creation and annihilation operators in terms of the
γ operators (Eqs. 5), we obtain the energies of the BCS states in the first
order of perturbation theory as
E ′eff({n}) ≡ Ec +
∑
ǫ,i
ǫnǫi +
1
2
∑
ǫ,ǫ′,i,j
Vǫi;ǫ′jnǫinǫ′j , (47)
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Figure 5: (Color online) Check of Eq. (45) for three relevant temperatures T =
0.75, 0.90, 0.999 Tc. Main plot: (ǫ˜ − ǫ)/∆(T ) (solid black lines) and the second term
of Eq. (45). For each pair, the curves are identical within the numerical accuracy. Inset:
ǫ(ǫ˜) scaled by ∆(T ) on both axes, for each selected temperature.
instead of Eeff of Eq. (19). By introducing new quasiparticle energies [18]
ǫ˜(p)(ǫ) = ǫ+
2Ec
N2ex
N<ǫ +
∑
ǫ′<ǫ
∑
j
Vǫi;ǫ′jnǫ′j. (48)
we can write E ′eff({n}) =
∑
ǫ˜(p) ǫ˜
(p)nǫ˜(p) as an ideal gas Hamiltonian. In the
simpler case when Vǫi;ǫ′j = VI is independent of ǫ, ǫ
′, i, and j, Eqs. (47) and
(48) change into
E ′eff =
(
Ec + VIN
2
ex
2
)
+
∑
ǫ,i
ǫnǫi and ǫ˜
(p)(ǫ) = ǫ+
(
2Ec
N2ex
+ VI
)
N<ǫ . (49)
From this point on the formalism may be repeated almost identically as in
the previous section.
The Landau’s quasiparticle energies are
ǫ(p)(ǫ) ≡ ∂E
′
eff
∂nǫ
= ǫ+ VINex, (50)
which lead to the populations
n(ǫ′) =
1
eβǫ′ + 1
. (51)
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Figure 6: The normalized gap energy of the FES (a) and Landau’s (b) quasiparticle
energies, ∆/∆0 (Eq. 48) and (∆ + VINex)/∆0 (Eq. 50), respectively, vs T/Tc. The black
solid curve in each plot is the typical BCS gap and corresponds to VI = 0. Tc is the BCS
critical temperature.
The new FES parameters, corresponding to the energies ǫ˜(p) (48), are related
to those of Section 3 by
α
(p)
δǫ˜
(p)
A i;δǫ˜
(p)
B j
= αδǫ˜Ai;δǫ˜Bj + 2VIσ0δA,B (52)
While ǫ(p) has a gap ∆(p) ≡ ∆+ VINex, the FES quasiparticle energies have
the same energy gap ∆(T ). Also, similarly to Section 3, the DOS of ǫ(p)
diverges at ∆(p), whereas the DOS of ǫ˜(p) never diverges, except when T = 0
and ǫ˜(p) = ∆0.
At T = 0, we have Nex = 0 and therefore ∆(T = 0) = ∆0, like in the
case VI = 0. At finite temperatures the number of excitations and the gap
energy are calculated from the self-consistent system of equations
Nex = 4σ0
∫ ∞
∆
1
eβ(ǫ+VINex) + 1
ǫ dǫ√
ǫ2 −∆2 , (53a)
1
σ0V
=
∫
~ωc
∆
tanh [β(ǫ+ VINex)/2] dǫ√
ǫ2 −∆2 . (53b)
We observe that Eq. (53b) has no solution for ∆ = 0, if VI 6= 0. If VI < 0
the system (53) may have multiple solutions.
In Fig. 6 we plot the gap energy for the FES (49) and Landau’s (50)
quasiparticles energies for VI taking the values 0, V/10, V/2, V , and 2V ,
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calculated for σ0V = 0.2. For low enough VI (e.g. VI = V/10, V/2) the tem-
perature dependence of the superconducting gap ∆(T ) resembles the typical
BCS gap, which corresponds to VI = 0, but with a higher critical tempera-
ture. On the other hand, the Landau’s quasiparticles gap energy (Fig. 6b)
start to increase with the temperature when T exceeds a certain value above
Tc. This increase is due to the increase of Nex. Since VI should be a pertur-
bation to the typical BCS pairing Hamiltonian, the curves corresponding to
VI = V and VI = 2V are drawn only for comparison. Similarly, we do not
expect that the formalism should be valid for T much above the BCS critical
temperature, since VI is assumed to be only a perturbation to the typical
pairing Hamiltonian.
5. Conclusions
We transformed the BCS Hamiltonian into the Hamiltonian of an ideal
gas by redefining the quasiparticle energies. The new quasiparticles have
the same energy gap as the BCS quasiparticles, but their density of states
is finite over the whole quasiparticle spectrum. The ideal gas thus obtained
obeys fractional exclusion statistics (FES). We calculated the FES parame-
ters and showed that this description is thermodynamically equivalent to the
standard BCS description, in the sense that at given temperature it leaves
unchanged the populations of the quasiparticle states and all the thermody-
namic quantities.
We introduced an electron-electron perturbation interaction. In the basis
of the BCS state functions this perturbation is expressed as a quasiparticle-
quasiparticle interaction which stabilizes the condensate increasing the crit-
ical temperature. We determined the quasiparticle energies and the gap
energy in the presence of the perturbation.
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